A diagnosis-based approach for tire-road forces and maximum friction estimation by Villagra, Jorge et al.
A diagnosis-based approach for tire-road forces and
maximum friction estimation
Jorge Villagra, Brigitte D’Andre´a-Novel, Michel Fliess, Hugues Mounier
To cite this version:
Jorge Villagra, Brigitte D’Andre´a-Novel, Michel Fliess, Hugues Mounier. A diagnosis-based
approach for tire-road forces and maximum friction estimation. Control Engineering Practice,
Elsevier, 2011, 19 (2), pp.174-184. <10.1016/j.conengprac.2010.11.005>. <inria-00533586>
HAL Id: inria-00533586
https://hal.inria.fr/inria-00533586
Submitted on 7 Nov 2010
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
A diagnosis-based approach for tire-road forces and
maximum friction estimation
Jorge VILLAGRAa,, Brigitte d’ANDR ´EA-NOVELb,, Michel FLIESSc,, Hugues
MOUNIERd,
aCentro de Automa´tica y Robo´tica, UPM-CSIC, 28500 Arganda del Rey (Madrid), Spain
bMines ParisTech, CAOR-Centre de Robotique, Mathe´matiques et Syste`mes, 60 Bd St Michel
75272 Paris Cedex 06, France
cINRIA-ALIEN & LIX (CNRS, UMR 7161) ´Ecole polytechnique, 91128 Palaiseau, France
dL2S (CNRS, UMR 8506), Supe´lec & Universite´ Paris-Sud, 3 rue Joliot-Curie, 91192
Gif-sur-Yvette, France
Abstract
A new approach to estimate vehicle tire forces and road maximum adherence is
presented. Contrarily to most of previous works on this subject, it is not an asymp-
totic observer based estimation, but a combination of elementary diagnosis tools
and new algebraic techniques for filtering and estimating derivatives of noisy sig-
nals. In a first step, instantaneous friction and lateral forces will be computed
within this framework. Then, extended braking stiffness concept is exploited to
detect which braking efforts allow to distinguish a road type from another. A
weighted Dugoff model is used during these “distinguishable” intervals to esti-
mate the maximum friction coefficient. Very promising results have been obtained
in noisy simulations and real experimentations for most of driving situations.
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1. Introduction
Automobile manufacturers have dedicated enormous efforts on developing in-
telligent systems for road vehicles in the last two decades. Thus, many systems
have been deeply studied in order to increase safety and improve handling charac-
teristics. Considerable work has been carried out on collision avoidance, collision
warning, adaptive cruise control and automated lane-keeping systems. In addition,
more and more cars are nowadays equipped with anti-lock brake system (ABS),
traction control system (TCS) (also called ASR for anti-slip regulation) or many
variants of the Electronic Stability Program (ESP).
As such systems become more advanced, they increasingly depend on accu-
rate information about the state of the vehicle and its surroundings. Much of this
information can be obtained by direct measurement, but the appropriate sensors
may be unreliable, inaccurate, or prohibitively expensive. Indeed, these enhance-
ments must be a priori related to an optimal usability of the existing hardware.1
Since all the above-mentioned control systems have to be ‘road-adaptive’ (i.e.
the control algorithms can be modified to take into account the external driving
condition of the vehicles), the knowledge of the vehicle state and tire forces turns
out to be essential.
Furthermore, most of these systems are based on an efficient transmission of
the forces from vehicle wheels to the road surface. Tire efforts that act during
severe maneuvers are nonlinear and may easily cause instability. Besides, they
1Let us recall that only measurements from encoders, longitudinal and lateral accelerometers,
and yaw rate gyroscope are usually available trough the CAN bus.
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depend on uncontrollable external factors, such as tire pressure and wear, vehicle
loads, and, particularly, on tire-road interface properties.
Friction is the major mechanism for generating those forces on the vehicle.
Hence, knowing the longitudinal and vertical tire-road efforts (Fx, Fz), and there-
fore the maximum friction coefficient
µxmax =
Fx
Fz
∣∣∣∣
max
(1)
is crucial, since the maximum braking performance is related to the maximum
tire-road friction coefficient.
The goal of this work is to find real-time estimators of the vehicle tire forces
and of the maximum tire-road friction coefficient with actual on-board hardware
and sensors.
1.1. State of the art
The lack of commercially available transducers to measure road friction di-
rectly led to several kinds of tire-road friction estimation approaches have been
proposed in the literature. Some cause-based techniques try to detect physical fac-
tors that affect the friction coefficient. Although experimental results sometimes
show a high accuracy, these methods usually present one of these two fundamental
drawbacks:
• They require specific sensors, such as lubricant, optical or shaft torque sen-
sors, that are not usually included in a production car.
• They rely on complex tire models, which are always highly road-dependent.
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Static and dynamic tire force models have been developed for accurate simula-
tion of advanced control systems (see, e.g., [5], [20], [30], [34] or [43]). Extensive
testing is required however to determine the parameters of those analytic models.
It is therefore extremely difficult to determine all those parameters in real-time for
every potential tire, tire pressure, and wear state.
Nevertheless, many authors have tried to use robust analytic techniques to de-
termine tire-road friction coefficient from tire force models. Thus, simplified mod-
els have been coupled with vehicle dynamics to produce different observation and
filtering techniques: [25] employed a neural-network based identification; [10]
used fuzzy logic techniques; [24], [28], [35] and [42] developed different least-
squared methods; [6], [16], [22], [27], [31] or [33] use several kinds of nonlinear
asymptotic observers. Most of them try to obtain reliable tire effort estimates and,
thereafter, the maximum tire friction value by fitting different types of polynomial
functions.
Unfortunately, these approaches are either based on too restrictive hypotheses,
for instance only longitudinal dynamics situations, or on non-standard measure-
ments, like wheel torque. Moreover, most of them concentrate their efforts on
precise tire forces estimation, but they do not go into maximum friction estima-
tion in depth.
A different research line is focused on the effects generated by friction. The
effects are shown in the tire as, for instance, an acoustic characteristic (cf. [4]),
tire/tread deformation (cf. [8]) and wheel slip. Concerning the latter, [17] used
the idea that a larger slip at a given tire force would indicate a more slippery
road. Observing the correlation between slip and friction coefficient can provide
µmax information. However, under low slip situations, it becomes really hard to
4
distinguish between different road types from noisy measurements.
Two possible solutions can be applied to that problem: using a GPS as pro-
posed by [18], which is not always available on a production car, or exploit what
[28] and [37] call the extended braking stiffness (XBS). It can be defined as the
slope of friction coefficient against slip velocity at the operational point. Its value
is related to the friction coefficient because the maximum braking force can be
obtained when XBS is equal to zero (see2 Fig. 1).
Note that snow, and specially ice, exhibit a very short transition between linear
and nonlinear zones. Therefore, the XBS based algorithm presented here will
correctly behaves for wet and dry roads, but it will probably not be so efficient for
ice conditions.
Since in the τ − µx linear zone µxmax is hardly identifiable, the present work
relies on the accurate estimation of XBS when non-linear behavior takes shape
(soon enough to avoid wheel saturation). Diagnosis tools will be used, combined
with new algebraic filtering techniques and a weighted Dugoff model, to consecu-
tively estimate slip ratios, longitudinal and lateral tire forces, and longitudinal and
lateral maximum friction coefficients.
In addition to accuracy and reliability, production cost is an important matter
in vehicle serial production. In that sense, the proposed estimation approach is
especially efficient in terms of computational cost, at least when compared with
most of the above mentioned observer-based approaches. Furthermore, only stan-
dard and low cost sensors will be required in order to implement the proposed
2Friction coefficient is plotted in terms of slip ratios for several tire-road interfaces following
pseudo-static Pacejka [29] tire model. These characteristic curves have been obtained by fitting
real data of a half range commercial car under very different conditions.
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Figure 1: Adhesion coefficient characteristic curve for several tire-road interfaces (top); XBS
definition (bottom)
algorithm.
1.2. Outline of the article3
Section 2 is devoted to present the proposed global estimation scheme. New
algebraic techniques for derivative estimation will be combined with elementary
diagnosis tools in order to design new estimators (an overview of this framework
will be presented in Section 2.1). The first example of that approach will be intro-
duced in Section 3, where a pitch diagnosis-based estimator will allow to obtain
a good estimate of the instantaneous friction coefficient. A simple but efficient
lateral effort estimator will be also presented in this Section. Once these variables
are estimated, the maximum friction coefficient may be known. Section 4 will
deal with the problem of distinguishing different road surfaces enough ahead of
3A preliminary version was presented in [41].
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Figure 2: Global vehicle dynamics estimation scheme
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time to avoid undesirable control actions. In Section 5 two different scenarios will
be used to test the quality of the estimator on multi-adherence roads. Preliminary
experimental results are presented in Section 6, where the algorithm will be tested
with experimental recorded data from a real vehicle. Finally, some concluding
remarks will be given in Section 7.
2. Global estimation scheme
The vehicle is equipped with several proprioceptive sensors (typical measure-
ments are longitudinal and lateral accelerations, yaw rate, odometries and steering
angle) and, eventually, with exteroceptive sensors (radar, laser, camera, . . . ). All
this information can be used to estimate, among others, the maximum longitudinal
and lateral friction coefficients (µx and µy). The way it is obtained is depicted in
Fig. 2. This work needs only 7 measurable signals to provide a maximum friction
estimator: longitudinal and lateral accelerations (the former from airbag systems,
the latter from ESP systems), wheel angular velocities and yaw rate (from ESP
systems as well).
Longitudinal and lateral velocities (Vx, Vy) are the first step to obtain any infor-
mation about the tire-road interaction. The work [40] solves this problem without
any vehicle nor road parameter. Two natural byproducts of this estimation algo-
rithm are the slip ratio τ and the sideslip angle δi, where the subscript i = f ,r
denotes front and rear, respectively. Efficient estimation algorithms for vertical Fz
effort have already been developed in the past (see, e.g., [15]), so that this work
will take advantage of them. A new simple and reliable way to estimate the lon-
gitudinal friction estimation µx and the lateral efforts Fyi will be presented in the
first part of this article (see Section 3). The friction coefficient will be used, on the
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one hand to obtain the longitudinal tire-road efforts Fxi , and on the other hand, to-
gether with the estimated slip ratios, the maximum longitudinal coefficient µxmax .
Finally, a similar procedure will allow to estimate the maximum lateral friction
coefficient µymax from lateral efforts and sideslip angles.
It is important to remark that µxmax and µymax will be obtained using XBS con-
cept under the assumption of pure longitudinal or pure lateral movements, re-
spectively. In this respect, figures 7 and 6 graphically shows that the proposed
longitudinal and lateral effort estimator perform in a satisfactory way when com-
bined longitudinal-lateral maneuvers take place. However, a deep study on the
influence of forces correlation in the estimation accuracy seem necessary for real
implementation.
2.1. Diagnosis-based estimation within an algebraic framework
In diagnosis terminology, a residual is defined as the amount by which an
observation differs from its expected value. It is often used in fault tolerant control
to detect a failure (for instance, in sensors or actuators) and act consequently.
This idea will be used in an estimation context to detect an abnormal behavior
with respect to an ideal prediction model. In other words, the estimated variable
can be considered as the sum of an ideal term and a “disturbing” one.4
The condition to decide wether the ideal term is valid or not to estimate the
unknown variable is usually hard to obtain. Indeed, highly corrupted signals pro-
vided by the vehicle sensors and fixed integration step determined by signals sam-
pling rate impose a signal pre-treatment. In addition, robust and real-time efficient
4Those disturbing terms are nothing else than ”poorly known” effects. See [11] for the control
of poorly known systems.
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Variable name Symbol
Longitudinal velocity Vx
Lateral velocity Vy
Vertical velocity Vz
Yaw rate and acceleration ψ˙, ψ¨
Pitch angle and rate φ , ˙φ
Wheel speed ω
Sideslip angle δ
Slip ratio τ
Longitudinal acceleration γx
Lateral acceleration γy
Longitudinal force Fx
Lateral force Fy
Vertical force Fz
Inst. and max. friction coefficient µx, µxmax
Lateral friction coefficient µy, µymax
Wheelbase L
Height of the center of gravity h
Vehicle mass M
Yaw inertia moment I
Longitudinal stiffness coefficient Kx
Pitch stiffness coefficient Kφ
Weighting factor in effort estimation α
Confidence factor in friction estimation χ
Table 1: List of variables
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numerical differentiators are also needed to render this approach feasible.
An algebraic framework [26] is proposed to deal with filtering and estimating
derivatives of noisy signals. It is important to point out that these fast filters and
estimators are not of asymptotic nature, and do not require any statistical knowl-
edge of the corrupting noises (see [14] for a short discussion on the connections
with some aspects of digital signal processing). This original way of treating con-
ventional problems ought to be viewed as a change of paradigm in many control
and signal processing aspects (see [13] and the references therein).
3. Tire-road friction estimation
It has already been pointed out that longitudinal tire-road friction coefficient
has a major importance on any braking action. However, when braking is com-
bined with a turning maneuver, lateral tire effort estimation become also critical
for two different reasons:
Figure 3: Kamm friction circles (
√
F2x +F2y 6 µFz )
• Steering angle or differential braking applied to the vehicle to correct the
trajectory (or the dynamical behavior of the vehicle) depends explicitly on
those efforts.
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• Longitudinal tire forces are coupled with lateral ones, so that the most brak-
ing force a wheel must transfer, the less lateral guiding force it is able to
provide, and viceversa. This inter-dependency is characterized in Kamm
effort circles (see figure 3 or [21] for more details).
As a consequence of all this, both lateral and longitudinal efforts need to be
estimated. The next Sections will present an approach to separately solve both
problems within the framework introduced in Section 2.1.
3.1. Longitudinal friction estimation
As explained in Section 2, besides the longitudinal and lateral velocities knowl-
edge (see [40]), one of the first steps in the global estimation scheme is to obtain
an estimator for vertical loads in the tire-road interface. They may be pretty well
approached by considering pitch rate and vertical velocity steady-state equations
(cf. [15]):


FzrLr −Fz f L f = Mγxh
Fz f +Fzr = Mg
where the index f and r denote front and rear for vertical efforts Fz and wheelbases
L, γx is the longitudinal acceleration, M is the vehicle mass, and h the nominal
height of the center of gravity. The vertical effort estimators can then be easily
obtained as follows


Fz f =
MLr
2(L f +Lr)
(
g−h γˆx
Lr
)
Fzr =
ML f
2(L f +Lr)
(
g+h γˆx
L f
)
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Note that vehicle mass M, the height of the center of gravity h and yaw inertia
moment I -used in (6)- are not constant parameters, and therefore not easy to ac-
curately measure. An off-line identification has been performed in order to know
these values for the presented specific study cases. However, an on-line estima-
tion of these two variable parameters should be done to robustify the algorithm. In
this connection, asymptotic [23] or least squares [9] approaches could be excellent
candidates to be adapted within the algebraic framework used in this paper.
Remark 3.1. Longitudinal acceleration is usually an available measurement in
production cars. However, since sensors providing this signal are really low-
cost, their measurements are especially noisy. Filtering techniques introduced in
Section 2.1 are used to obtain a denoised γx as follows:
γˆx =
∫ T
0
(2T −3t)γx(t)dt (2)
where [0,T ] is a quite short and sliding time window.
Figure 4 shows experimental results of the Fz estimator, which, in general
terms, performs pretty well.
Remark 3.2. All the experimental results presented in this section and in Section
6 comes from an extensive experimentation campaign with Peugeot 406, where
only the driver was inside (1650 kg). In Fig 4 and 6, the vehicle was running
at around 28.6 ms−1 on a dry surface (µmax = 1.1), when the maximum allowed
longitudinal deceleration is applied with a freewheel brake until the vehicle is
stopped.
Using Newton’s second law of motion, front and rear longitudinal efforts can
be expressed as follows
Fx f = Meq f γx, Meq f =
Fz f
g
; Fxr = Meqrγx, Meqr =
Fzr
g
13
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Figure 4: Front and rear tire normal forces estimation from experimental results.
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where Meq( f ,r) are the front and rear equivalent masses, respectively. Hence, the
front and rear friction coefficients (1) turn out to be equal and on only dependent
on the longitudinal acceleration γx
µx f = µxr =
Fx f
Fz f
=
Fxr
Fzr
=
γx
g
(3)
Since this approach does take into account neither the vertical nor the pitch dy-
namics, an additional term will be introduced in order to achieve better estimations
of µx. Experimental measurements have shown that the addition of a corrective
term ∆µxφ , proportional to the integral of pitch angle, remarkably corrects the
estimation error obtained with (3):
µx =
γx
g
(
1+∆µxφ
) (4)
Following the approach of [36], the kinematic relationship between the outputs
of an inertial measurement unit and the derivatives of the Euler angles can be
written, in its longitudinal component
˙Vx = γx + ψ˙Vy− ˙φVz +gsinφ (5)
with Vz the vertical velocity. If the vertical velocity is neglected5 and the longitu-
dinal velocity is considered equal to rω , the following pitch angle estimator ˆφ can
be obtained from (5)
ˆφ = arcsin
(γx− ψ˙Vy− rω˙
g
)
5[36] justifies this simplification with very satisfying results of a pitch angle estimation pro-
posed by the same authors.
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The corrective term ∆µxφ of equation (4) is numerically computed with the
next algorithm


∆µxφ (t) =
∫ Tfφ
Tiφ
Kφ ˆφ(t)dt, if | ˆφ(t)|> ε1, 0 < ε1 ≪ 1
∆µxφ (t) = 0, else
where Tiφ and Tfφ are respectively the initial and final time where the pitch varia-
tion is significative (i.e. | ˆφ(t)| is greater than a threshold ε1), and Kφ is an off-line
identified parameter6, which represents the normalized pitch stiffness.
Figure 5 shows the different behavior between (3) and (4) when demanding
braking efforts are applied to the vehicle. These results have been obtained from
experimental data recorded on a real vehicle with noisy measurements (see Sec-
tion 6 for all details).
Notice7 from Fig. 6 that Equation (4) also provides reasonably good longitu-
dinal forces estimations when a combined longitudinal/lateral acceleration is ap-
plied to the vehicle. Noise robustness and delay quantification are essential for an
estimation algorithm. As stated in Section 2.1, two different works have been re-
cently published on this respect for the proposed numerical differentiators. These
studies are a first step towards a deterministic quantification of the delay/filtering
trade-off, always delicate for the designer.
Remark 3.3. When a µ-split situation occurs, the previous assumptions are not
fulfilled. Therefore, the proposed longitudinal friction estimator will provide some
sort of average front and rear friction coefficient. A deeper study has to be done to
6An adaptation of roll stiffness estimation developed in [32] has been used in this work for
pitch stiffness identification.
7So far these results have been verified only in simulation.
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guarantee a functional estimator for this kind of extreme situations. To separately
estimate friction on each front or rear wheel, yaw and roll dynamics should be
considered.
Remark 3.4. The previous pitch estimator has been designed following the method-
ology introduced in Section 2.1, i.e. robust algebraic techniques for filtering and
estimation are combined within a classical fault diagnosis framework to obtain
the desired estimates.
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Figure 5: Longitudinal friction estimation comparison between equations (3) and (4) from real
data measurements.
3.2. Lateral effort estimation
The single track8 (or bicycle) model is the most spread one to study lateral
dynamics in a car. The state vector is only conformed by lateral velocity and yaw
rate, while longitudinal velocity is considered a slowly variable parameter of the
8See [20] or [15] for a deep analysis on this and other vehicle models.
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resultant linear system. Since state variables estimation is not the main goal, but
rather lateral forces estimation, the bicycle model will be written in terms of the
latter using Newton’s second law of motion:


Mγy = Fy f +Fyr
Iψ¨ = L f Fy f −LrFyr
(6)
where M is the vehicle mass, I the yaw inertia moment, L f , Lr are the front and
rear wheelbases, and Fy f , Fyr the front and rear lateral forces, respectively.
The choice of such a model is not at all arbitrary. Indeed, it represents a very
interesting trade-off between simplicity and accuracy. In this connection, several
works claim the interest (see, e.g., [3]) of the bicycle model to estimate lateral
efforts, even under important longitudinal accelerations.
Equation (6) can be rewritten in terms of Fy f and Fyr

ˆFy f =
1
L f +Lr
(
L f Mγˆy− I ˆψ¨
)
ˆFyr =
1
L f +Lr
(
LrMγˆy− I ˆψ¨
)
Figure 7 shows the estimator performance in a severe longitudinal/lateral ma-
neuver. It shows, on the one hand, the quality of the lateral forces estimation for
very noisy measurements, and on the other hand, that the single-track model may
be enough to properly estimate Fy under combined efforts.
4. From instantaneous friction to maximum friction estimation
The last stage in the global estimation scheme (presented in Figure 2) is prob-
ably the most complicated one. This complexity comes from the fact that most
of the road surfaces (from ice to dry asphalt) have a very similar characteristic
curve (µx − τ) for standard situations. However, when difficult situations arise,
19
0 1 2 3 4 5 6 7
−8
−6
−4
−2
0
2
4
6
8
time (s)
La
te
ra
l a
cc
el
er
at
io
n 
(m
s−2
)
−8
−6
−4
−2
0
2
4
6
8
Lo
ng
itu
di
na
l a
cc
el
er
at
io
n 
(m
s−
2 )
0 1 2 3 4 5 6 7
−4000
−3000
−2000
−1000
0
1000
2000
3000
4000
time (s)
La
te
ra
l f
or
ce
 (N
)
 
 
Front real force
Front estimated force
Rear estimated force
Rear real force
0 1 2 3 4 5 6 7
−10
−6
−2
2
6
10
time (s)
La
te
ra
l a
cc
el
er
at
io
n 
(m
s−2
)
−5
−3
−1
1
3
5
Lo
ng
itu
di
na
l a
cc
el
er
at
io
n 
(m
s−
2 )
0 1 2 3 4 5 6 7
−4000
−3000
−2000
−1000
0
1000
2000
3000
4000
time (s)
La
te
ra
l f
or
ce
 (N
)
 
 
Front real force
Front estimated force
Rear real force
Rear estimated force
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i.e. when the µx− τ curve clearly discriminates a surface from another, the infor-
mation about the tire-road interface might arrive too late.
In other words, while the vehicle is in the linear (µx−τ) zone, there is a strong
risk of indistinguishability (see [12]) of the type of surface, and therefore, to fail
in predicting the maximum friction coefficient.9
Hence, this approach tends to take advantage of the presented numerical al-
gorithms to be able to detect danger zones in a reliable way. Once the ‘failure’
is detected, a simple tire behavior model (section 4.1) will help to obtain a good
estimation of µxmax slightly ahead of time.
4.1. Dugoff model
Since the physics of tire force generation is highly nonlinear and complex,
several tire models have been introduced to overcome this problem (see [34] and
the references therein). The pseudo-static model from [29] gives a good approx-
imation to experimental results and is widely used in automotive research and
industries. However, this model has a complex analytical structure and its param-
eters are difficult to identify. For these reasons, it is mainly used for simulation
rather than for control or estimation purposes.
Dugoff tire model [7] assumes a uniform vertical pressure distribution on the
tire contact patch. This is a simplification compared to the more realistic parabolic
pressure distribution assumed in Pacejka. However, it has the advantage of its
conciseness and its results are considered to be on the safe side in an emergency
situation. Furthermore, the lateral and longitudinal forces are directly related to
9Some authors, like for instance [17], have tried to classify the road friction only with the
wheel’s rotation dynamics, but their results are not conclusive.
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the maximum friction coefficient in more transparent equations than in Pacejka
model.
Dugoff model accuracy will then be evaluated as a good candidate to estimate
µxmax . Longitudinal efforts are modeled as follows
Fx = f (λ )Kxτ
where τ is the slip ratio, Kx is the longitudinal stiffness coefficient and f (λ ) is a
piecewise function
f (λ ) =


(2−λ )λ , λ < 1
1 , λ > 1
, λ = µxmaxFz
2|Kxτ|
It is not difficult to see that µxmax can be expressed in terms of 4 a priori
known variables10 µxmax = g(Fx,Fz,σ ,Kx). Let us take the nonlinear zone case,
i.e. f (λ ) = (2−λ )λ
Fx =
(
2−µxmaxFz
|Kxτ|
) µxmax Fz
|Kxτ|
Kxτ
This expression can be rewritten as a second order algebraic equation of the
maximum friction coefficient:
µ2xmax F
2
z −2µxmax |Kxτ|Fz+ |Kxτ|Fx = 0
whose two solutions
10While Fx, Fz and τ are byproducts of the proposed global estimation scheme, a nominal Kx
could be obtained either by an off-line or an online identification, following techniques introduced
in Section 2.1.
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µxmax =
(
|Kxτ|±
√
Kxτ(Kxτ −Fx)
)
Fz
(7)
are always real because Kxτ(t)−Fx(t)> 0, ∀t.
Figure 8 shows a longitudinal force comparison between Pacejka and Dugoff
models. A similar behavior can be appreciated for 3 different maximum friction
coefficients (µxmax = 0.4, µxmax = 0.7 and µxmax = 1):
• While Pacejka curves reach a maximum effort point and thereafter always
decay (uncontrolled vehicle zone), Dugoff model has a monotone behavior,
i.e. the Fx peak never appears.
• For a same longitudinal stiffness coefficient Kx, the trends in both models
are quite similar in the linear zone, but they saturate at different levels. A
third curve has been introduced in all figures to weight Dugoff model so
that its maximum forces are comparable to Pacejka model.
• Exhaustively comparing Pacejka and Dugoff models by means of simula-
tions, it has been found that the weighting factor α previously mentioned
is the same for any µxmax and drive Dugoff model to cross through Pacejka
model exactly in the Fx peak.
As a result of the previous statements, µxmax prediction model will be obtained
by weighting the minimum value of (7):
µˆDxmax(tk) =
α
ˆFz(t)
(|Kxτˆ(tk)|
−
√
Kxτˆ(tk)(Kxτˆ(tk)− ˆFx(tk))
)
, λ (tk)< 1
µˆDxmax(tk) = µˆ
D
xmax
(tk−1), λ (tk)> 1 (8)
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Figure 8: Comparison between Pacejka, Dugoff and modified Dugoff tire models for 3 different
roads with the same wheel load (Fz = 4500N). (a) µxmax = 0.4, (b) µxmax = 0.7 and (c) µxmax = 1.
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4.2. Detection algorithm
As stated in the introduction, the extended braking stiffness (XBS) will be
used to detect the entrance in danger zone (or, in other words, to signal the distin-
guishability between road surfaces).
XBS was defined by [28] as the derivative of the friction coefficient with re-
spect to slip ratio. Therefore, the switching function will be given by the following
XBS estimator:
XBS(t) = dµxdτ =
dµx
dt
dt
dτ =
ˆµ˙x
ˆτ˙
where ˆµ˙x and ˆτ˙ are obtained using algebraic algorithms [26].
The main difficulty in this computation is to obtain numerical derivative esti-
mators such that a good trade-off between filtering and reactivity is achieved.
Algebraic derivative estimators are compared for a particular scenario to the
analytical derivatives in Figures 9a and 9c. Both derivative estimators perform in
a satisfactory way, even with singular behaviors such as sudden changes of µxmax
(i.e. at t=3s). The analytical values present a hard discontinuity at that point, but
it is pretty well filtered by the proposed estimators.
Also in Figure 9 (b and d) a comparison between filtered XBS and µx evolution
is shown. Similar trends can be appreciated in both graphs, i.e. when µx reaches a
local peak, XBS is close to local minima. Furthermore, the closest µx is to µxmax ,
the lower value of XBS is obtained. As a result of this, an XBS validity range
([XBSmax,XBSmin] can be selected as significative for µxmax detection. Thus, when
XBS values are greater than XBSmax or lower than XBSmin, it will be considered
that µx remains equal to the last obtained value within the validity range. If µx falls
into the validity range, a corrective factor will be applied to the µxmax(t) predicted
value by equation (8). Finally, a [0,1.2] saturation function is used to correct the
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previous value in case the estimation exceeds realistic friction limits. To sum up,
the final algorithm can be concisely written as follows:
if XBS(tk)6 XBSmax
µxmax(tk) = max
(
0,min
(
1.2,µ∗xmax(tk)
))
µ∗xmax(tk) = µ
D
xmax
(tk)
(
1+χ XBS(tk)
XBSmax
)
if XBSmax 6 XBS(tk)
µxmax(tk) = µxmax(tk−1) (9)
Remark 4.1. Parameter χ acts as a confidence factor of the friction value pro-
vided by Dugoff model within the validity range. It can be seen from equation (9)
that the nearest XBS is to XBSmax, the closest the factor XBS(tk)XBSmax is from 1. On the
contrary, when XBS tends to 0, the same stands for XBS(tk)
XBSmax
. The value of param-
eter χ is always close to 1 and its optimum value depends on the measurement
noise nature.
Remark 4.2. The same procedure presented here will be used to estimate lateral
maximum friction coefficient from its instantaneous value, which in turn, will be
computed from pre-estimated vertical loads ˆFz and lateral efforts ˆFy.
5. Simulation results of friction estimation
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Figure 10: First scenario: a) Longitudinal acceleration b) µx−τ graph with maximum friction and
detection instants c) Maximum adherence estimation during the first multi-adherence scenario
Two different scenarios have been used to test the algorithm in a simula-
tion environment11. In both of them, each of the 3 braking phases is carried
out under different friction conditions. Thus, while in the first case µxmax(t) =
0.65, t ∈ [0,3], µxmax(t) = 1, t ∈ [3,5], µxmax(t) = 0.75, t ∈ [5,8.5], in the second
one µxmax(t) = 1, t ∈ [0,3], µxmax(t) = 0.35, t ∈ [3,5], µxmax(t) = 0.7, t ∈ [5,8.5].
11A realistic simulator of a vehicle with 14 degrees of freedom, and with complete suspension
and tire models (see [29]) has been used in all simulations.
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Figure 11: Second scenario: a)Longitudinal acceleration b)µx− τ graph with maximum friction
and detection instants c)Maximum adherence estimation during the first multi-adherence scenario
The applied braking efforts have been chosen to be useful for the proposed fail-
ure detection algorithm, i.e. strongly enough to leave the linear zone, but softly
enough to avoid tire saturation.
Figure 10 shows the simulation results for the first scenario. A vehicle begins
to move at 15ms−1 and 3 braking actions are consecutively applied so that the
resulting longitudinal accelerations are those of Figure 10a). The bottom graph of
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the same figure plots the friction coefficient and its estimation, with the instants
tµmax where minimum values are attained. This information can be complemented
with Figure 10b, where µx − τ evolution can be very well distinguished for all 3
tire-road interfaces. Moreover, alarm times (ta, in black), coming from the esti-
mation algorithm, always arise sufficiently in advance with respect to maximum
friction instants tµmax (in red).
Bottom graph of Figure 10 compares the real µxmax obtained values, on the one
hand, with Dugoff prediction model, and on the other hand, with the weighted
Dugoff prediction model12. Besides the fact the alarm times seem to be suffi-
ciently ahead of time, the estimation error is significantly small.
These promising results are confirmed in a second multi-adherence scenario
(Fig.11). Remark that in both maneuvers, only when important braking actions
are carried out, the estimator algorithm change its value (cf. i.e. in the second
scenario, between t = 5s and ta = 5.61, the estimated µxmax is not updated because
there is a problem of distinguishability).
6. Experimental results of friction estimation
Several braking maneuvers have been realized on roads with different maxi-
mum friction coefficient. In every test, a large set of dynamic variables has been
recorded at high frequency rates (around 250 Hz) on an instrumented vehicle.
The promising results obtained in simulation have been confirmed with real
data in severe braking maneuvers. Two examples of this satisfactory results are
plotted in Figures 12 and 13.
12As aforementioned, µxmax estimation is updated when XBS is within its validity range.
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Figure 12: Maximum friction estimation for the first experimental maneuver.
In the first case, the vehicle is moving at a constant speed (100 kmh−1) on
a dry road (µxmax = 1.1) , when a sudden and hard braking effort is applied at
t = 3.5 s. The vehicle remains braking close to the maximum tire-road friction
coefficient until it stops at t = 8.5 s. The real friction coefficient µx increases
rapidly around t = 3.5 s, but it does not attain its maximum value almost until
the end of the braking maneuver. This monotone behavior, probably due to the
the fact that wheels do not get blocked, is not an obstacle to the estimator, which
obtains a constant value of µˆxmax = 1.07 at t = 4.2 s, sufficiently in advance of the
µx peak.
The second case is again a vehicle moving at a constant speed (60 kmh−1) in
a straight line on a wet road (µxmax = 0.8). As it can be appreciated in Fig. 13, the
results are even more satisfactory than in the previous case. On the one hand, the
estimated value is now even closer to the real value, and on the other hand, the
transient state is much shorter than before.
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Figure 13: Maximum friction estimation for the second experimental maneuver.
7. Conclusion and future work
A new approach to estimate vehicle tire forces and road maximum adherence
is presented in this paper. It is based on the combination of elementary diagnosis
tools and new algebraic techniques for filtering and estimating derivatives. First of
all, instantaneous friction and lateral forces are estimated. Then, extended braking
stiffness concept is exploited to detect which braking efforts allows to distinguish
a road type from another. Very promising results have been obtained in noisy
simulations and in real experimentations.
However, the validity domain of this novel global estimation scheme remains
still limited. Therefore, more exhaustive tests with real data will have to be per-
formed in difficult situations like mu-split or emergency braking while turning. In
this connection, a deep sensitivity analysis to vehicle parameters and noise mea-
surements will be performed.
Future work will also have to be done to characterize the robustness of param-
eter χ with respect to the measurement noises. When this task will be completed,
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a real friction-dependent stop-and-go control strategy (see [38] or [39]) will be
implemented to validate the preliminary results presented here.
Let us emphasize finally that the practical usefulness in the automotive indus-
try of these new algebraic techniques is confirmed by other successful applications
[1, 2, 19, 38, 39, 40].
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